Abstract. We show that for any continuous map f : R n → R m , if n > m then there exists no bound on the diameter of fibers of f . Moreover, when m = 1, the union of small fibers of f is bounded; when m > 1, the union of small fibers can be unbounded. Applications to data analysis are considered.
High-dimensional data sets are often difficult to analyze directly and, consequently, methods of simplifying them are important in modern data-based sciences. Continuous mappings f : R n → R m are frequently used to reduce the dimension of a data set. Indeed, a classic result of Johnson and Lindenstrauss [1] shows that for N points in any Euclidean space, there exists a Lipschitz function which can embed these points in R O(log N ) with minimal distortion in pairwise distances. However, while continuous maps enjoy many desirable properties, the following suggests that a measure of caution should be exercised before employing them for highdimensional data analysis. We show that for any continuous map f : R n → R m , if n > m then there exists no bound on the diameter of fibers of f . Therefore, points can be arbitrarily far apart in R n , yet map to the same point under f .
Definition. The diameter of a set A is the supremum sup{d(x, y) : x, y ∈ A}; we denote this quantity by diam [A] .
We begin by considering the case where m = 1.
Proof. Assume that some M > 0 bounds all fiber diameters. Consider three points a, b, c ∈ R n such that the distance between any two is 3M . As M bounds the fiber diameters, f (a), f (b), and f (c) must be distinct; without loss of generality, let f (a) < f (b) < f (c). By the intermediate value theorem, the line segment ac contains a point x such that f (x) = f (b). But the distance from b to any point on ac is greater than M , so the fiber containing b must have diameter greater than M , contradicting our assumption that M bounds all fiber diameters.
A more general version can be established using the Borsuk-Ulam theorem [2] , a result about continuous mappings from the n-sphere S n to R n :
Theorem (Borsuk-Ulam, 1933) . For every continuous map f : S n → R n there exist antipodal points x, −x ∈ S n such that f (x) = f (−x).
We can now state a more general version of Theorem 1: Proof. Assume that some M > 0 bounds all fiber diameters. Consider an m-sphere S m with radius M and centered at the origin. By Borsuk-Ulam, there exist points
, and hence which are in the same fiber. Since x and −x are antipodal points on the sphere of radius M , the distance between them is 2M , contradicting our assumption that M bounds all fiber diameters.
An analogous result will hold for any domain (not necessarily R n ) in which we can embed m-spheres of arbitrarily large diameter. Similarly, an analogous result will hold for any co-domain S ⊆ R m .
Small Fibers
At this point we consider the union of all small fibers. We call a fiber small if its diameter is less than some fixed M > 0. We show that when m = 1 the union of all small fibers is bounded. When m > 1, this region can be unbounded.
Lemma 1 (Small fiber lemma). Let f : R n → R be a continuous map where n > 1. Given three points a, b, c ∈ R n such that the distance between each pair is at least M , no more than two belong to small fibers of f .
Proof. Assume that a, b, c ∈ R n all belong to small fibers. If the distance between each pair is at least M , then f (a), f (b), and f (c) must be distinct; without loss of generality, let f (a) < f (b) < f (c). A curve can be drawn from a to c such that d(b, x) ≥ M for any point x on the curve. However, by the intermediate value theorem, for some point x on the curve, f (a) < f (x) = f (b) < f (c). The fiber containing b therefore has diameter at least M , and so cannot be small. We can now prove the following: Theorem 3. Let f : R n → R m be a continuous map where n > m. When m = 1, the union of small fibers is bounded; when m > 1 the union of small fibers can be unbounded.
Proof. We begin with the case of m = 1. Recall that a fiber is small if its diameter is less than M . If the union of all small fibers is contained in an open ball of radius M , then of course the union of small fibers is bounded. If the union of all small fibers is not contained in an open ball of radius M , then there must exist points x, y such that both belong to small fibers and such that d(x, y) ≥ M . By Corollary 1, all points in small fibers must lie within M of one of these two points.
When m > 1, a simple example shows that the union of small fibers of f can be unbounded. Consider the continuous map f : R 3 → R 2 , where the component functions are given by: This example can be generalized to f : R n → R m , where the first two component functions are given by:
and all remaining component functions f i are constant. If M = 1, small fibers include filled cylindrical regions S n−1 × I with radius 1/3, height 1/2, and diameter 5/6; each filled cylindrical region has finite n-dimensional volume. This example can be scaled appropriately for other values of M .
We note that although the union of small fibers is bounded when m = 1, two small fibers can be located arbitrarily far apart. Consider for example the Urysohnlike function f : R n → R, for n > 1, given by
, for distinct points a and b. With one exception, all fibers of f are n − 1-spheres whose centers lie on the line that passes through a and b, but not on the segment ab. An additional fiber is the perpendicular bisector of ab, a hyperplane that becomes a sphere when the point at infinity is adjoined. The spherical fibers are smallest when their centers are closest to ab, and grow as their centers move away from it. The distance between the sets of small fibers can be made arbitrarily large by moving a and b arbitrarily far apart. 
Small Fibers and Boundedness
Aside from illustrating that small fibers can be located arbitrarily far apart, Figure 2 also highlights a general property of continuous real-valued functions with separated small fibers. In particular, Proof. Assume that a, b ∈ R n belong to small fibers. If d(a, b) > 2M , then f (a) and f (b) must be distinct; without loss of generality, let f (a) < f (b). Consider two closed balls of radius M centered at a and b. Since these balls are closed, f attains a maximum on each of them. If f is unbounded from above, then there exists a point x not contained in these balls such that f (x) > f (b) > f (a). A curve can be drawn from x to a such that the distance from b to every point along the curve is at least M . By the intermediate value theorem, there exists a point x along that curve such that f (x ) = f (b). Since d(b, x ) ≥ M , b cannot belong to a small fiber, contradicting our assumption that b belongs to a small fiber. This contradiction shows that f must be bounded from above; an analogous argument shows that f is bounded from below.
A similar argument can be used to show a more general, albeit weaker, property of real-valued continuous functions with any small fibers. In particular, Theorem 5. Let f : R n → R be a continuous function where n > 1. If some fiber is small, then f is bounded from above or from below.
Proof. If a fiber f −1 (y) is small then it is contained in some ball B of radius M . If f is unbounded from above and from below, then there exist points x 1 , x 2 ∈ B such that f (x 1 ) < y < f (x 2 ). Since the complement of B in R n is path-connected, a curve can can be drawn in it from x 1 to x 2 ; by the intermediate value theorem there exists a point x on that curve such that y = f (x). Therefore, the fiber over y is not small, contradicting our assumption.
Note that discontinuous functions, even those that are bounded, integrable, and decay to zero, need not have fibers of arbitrarily large diameter. Consider, for example, the following function f : R 2 → R:
− y
x ≥ 0, y < 0 1 17
Here f takes a unique rational value on each unit square in the plane, and so every fiber of f has diameter √ 2. Note that f tends to 0 as x 2 + y 2 tends to ∞. Moreover, f is in L 1 and L ∞ , and hence in L p for all 1 ≤ p ≤ ∞. This example can be generalized for arbitrary n > m, with a suitable choice of prime numbers.
Conclusions
The analysis above provides a cautionary tale for data science analysts. The use of continuous maps to reduce the dimension of point-sets in high-dimensional Euclidean spaces entails what we might call the "curse of continuity" -there will exist points arbitrarily far apart that are identified under such maps. Not only will knowledge of f (x) not allow us to recover x exactly, but we will generally be unable to determine x to within any finite error. Under suitable restriction of the domain this issue might be avoided, but knowledge of such restrictions is not always available a priori.
In contrast, discontinuous mappings suffer no such inherent limitations. Equation (1) can be scaled such that its fibers are n-dimensional cubes of edge length . The diameter of each fiber is then precisely √ n. Knowledge of f (x) then allows us to determine x to within a maximal error √ n. A particular application highlighting some limitations of continuous maps in analyzing structure in large point sets can be found in [3] . In computational materials science research, continuous "order parameter" mappings are often constructed to summarize structural information near each particle in a system of particles. This order parameter is subsequently used to identify larger-scale structural features of the system. The continuity of the order-parameter entails that points arbitrarily far apart in a relevant configuration space will map to the same order-parameter value. Consequently, continuous order-parameters regularly fail to distinguish structurally distinct configurations of points, making automated analysis difficult or impossible. In that paper, the authors suggest a discrete order-parameter, based on Voronoi cell topology, which largely avoids this degeneracy.
We note that Theorem 2 can be obtained as a simple corollary of what Larry Guth has called the Large fiber lemma [4, Section 7.6], [5, Section 6] , itself a corollary of the Lebesgue covering lemma which is used in topological dimension theory. Theorem 2 can also be obtained as a consequence of Corollary 0.3 in [6] , though the proof here is simpler. Finally, a similar result for proper mappings can be found as a consequence of an exercise found at the end of Section 3.3 in [7] .
